CLASS NUMBERS OF CENTRAL SIMPLE ALGEBRAS OVER 
GLOBAL FUNCTION FIELDS 



FU-TSUN WEI AND CHIA-FU YU 

j^jf^ Abstract. Let K he a. global function field together with a place oo, and 

_ A the subring of functions regular outside oo. In this paper we present an 

effective method to evaluate the (locally free) class number of an arbitrary 
hereditary A-order in an arbitrary definite central simple /f-algebra. We also 
show that the class number of any non-principal genus for a hereditary order 
in D can be reduced to that of the principal genus for another hereditary order 
in D. 



1. Introduction 

Let K be a global function field with finite constant field ¥q together with a place 
oo (the place at infinity), and A the subring of functions regular outside oo. Let D 
be a definite (with respect to oo) central simple algebra over K of degree n, that is, 
D ®K Koo is a division algebra with dinii^ D — 'n? , where Kqo is the completion of 
K at the place oo. Let i? be a hereditary ^-order in D. Recall that an A-order in 
D is said to be hereditary if any left (or right) ideal of i? is a projective i?-module. 
Denote by h{R) the class number of R. By this we mean the number of equivalence 
classes of locally free right (or left) ideals of R. Note that for the non-commutative 
rings, projective modules may not be locally free. The computation of the class 
number h{R) has been done in the following cases: 

(1) The algebra D is quaternion, due to Eichlcr [5 . 

(2) The algebra D is of Drinfeld type, A = Fg[t] is a polynomial ring and R is 
a maximal A-order, due to Gekeler [?]■ 

(3) The algebra D is of prime index and A — ¥q[t] is a polynomial ring, due to 
Denert and Van Geel 

Recall that a central simple algebra D over K of degree n is called of Drinfeld 
type if D is ramified precisely at the place oo and another finite place v with local 
invariants —1/n and 1/n, respectively. These precisely appear as endomorphism 
algebras of supersingular Drinfeld A-modules of rank n over an algebraic closure 
Ft, of the residue field Fy of v. 

The proof of Gekeler's class number formula is geometric. When i? is a maximal 
order, it is well-known (see [3j, also cf. [B], [TB]) that there is a natural bijection 
between the set Cl(i?) of equivalence classes of locally free right ideals of R and the 
set A(n, v) of isomorphism classes of supersingular Drinfeld A-modules of rank n 
over ¥y . Using this interpretation, Gekeler calculated the number of isomorphism 
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classes of supersingular Drinfeld A-modules in the fine Drinfeld moduli spaces when 
A ^ ¥q [t] . Then he established the transfer principle which relates the supersingular 
Drinfeld A-modules with extra symmetries and supersingular Drinfeld A'-modules 
of low rank for certain integral extension A' of A; see [I for more details. This 
gives a way to express the class number h(R) recursively. In i7j p. 333] Gekeler 
asked whether or not the transfer principle holds for a larger class of definite central 
simple algebras D than those of Drinfeld type. We examine this in the case where 
the degree n of Z? is a prime number. It turns out that the (naive) transfer principle 
holds only for a very restricted class: only for D with exactly two ramified places, 
oo and another finite place v (but allowing different local invariants at oo and the 
finite ramified place v). 

The proof of the class number formula for definite central division algebras of 
prime degree by Denert and Van Geel U is based on the generalization of Eichler's 
trace formula for Brandt matrices (see [S] and [H Formula (7), p. 392]), and to 
compute explicitly the terms in the Eichler-Brandt trace formula in the case where 
K is the rational function field. As far as the authors know, the trace formula of 
Brandt matrices is known only for definite central division algebras of prime degree 
(see [H Theorem 4.3] and [H Formula (7), p. 392]), and the exphcit computation 
of the terms in the Eichler-Brandt trace formula is carried out by Denert and Van 
Geel only when K is the rational function field (see A, Theorems 3 and 9]). 

In this article we evaluate the class number h{R) for the general case, namely, 
for any global function field K with a place at infinity, any definite central simple 
algebra D and any hereditary A-order R in D. Our approach is to construct 
an algebraic analogue of Gekeler's transfer principle for arbitrary definite central 
simple algebras, which shares the same spirit of relating class numbers of algebras 
of larger degrees to those of lower degrees, but allowing more complicated relations 
among them than the original one (as we know, the naive generalization of Gekeler's 
transfer principle only holds in a very restricted class). We now describe this 
transfer principle. 

First observe that the multiplicative group R'^ of any A-order R' in D is a finite 
cyclic group. More precisely, R'^ ~ F^^ for a finite field ¥qs contained in D, and 
hence s\n. Let /i, Ih{R) be representatives of locally free right ideal classes of R, 
and let Ri be the left order of for 1 < « < h{R). For computing the class number 
h{R), we may compute what we call the weights class number 

hs(D/K, i?) = #{z I 1 < i < h{R),R^ - ¥^.} 

for every positive divisor s of n. A basic result says that an A-order R is hereditary 
if and only if all its local completions Ry are hereditary. Also, the hereditary 
order R^j is determined by its invariant fy = {fv,i, ■ ■ ■ , fv,r^) up to conjugation; 
see Section [221 As a result, the class number hs{D/K, R) depends only on the 
invariant f :— {fv)v^oo of i?, so we also denote it by hs{D/K, f). 

Let F^i be a maximal finite subfield of D; the degree sq [F^ : ¥q] does not 
depend on the choice of ¥jy, following from the Noether-Skolem Theorem. From 
the basic properties, one knows 

hs{D/K,R) = if sfso. 

Let s be a positive divisor of sq. Let :— K ■ ¥qs be the constant field extension 
of K of degree s, and let Ol^ denote the integral closure of A in Lg. Choose an 
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embedding l : Lg ^ D oi Ls into D, and let D'^ be the centralizer of its image 
L{Lg) in D. We regard Lg as a subfield of D via the embedding l. Our main results 
(see Theorem ll.ip do not depend on the choice of the embedding l. It is easy to 
see that D'^ is again a definite central simple algebra over Lg with respect to the 
unique place oog over cxd, with degree n/s and \^d' ■ IFg^] = [^d ■ IFg]/s. 

Next we define a finite index set il.{D/ K, s,f). This set is actually the combi- 
natorial description of the product of all local optimal embeddings, where we give 
a detailed analysis in Section [71 which is the core of our explicit computation. Let 
(resp. S° ) the set of all finite places of K (resp. of Lg). Let w be a finite 
place of K. Let Dy := D ^ Ky ~ Mat,„^ (A„), where A„ is a central division 
algebra over Ky and my is the local capacity at v (see Let dy be the de- 

gree of A„; one has n — m,ydy for all v and dy = 1 for almost all places v. Note 
that if /„ = (/d,i, • • ■ , fv,rS) is the invariant of the local hereditary order then 
Yh=i fv.i = ruy. Put 

4,?. := gcd(s,degw), and tg^y -.^ gcd{s/£g^y, dy). 

Let ny{D/K,s,fy) denote the set consisting of all tuples {fw,*)w\v indexed by 
places w of Lg over v, where each /u,^* = (/u,,(ij)) is an r„ x ,j-matrix with non- 
negative integer entries fw.{i.j) G ^>o (1 < * < and 1 < j < ts,«), that satisfy 
the following conditions: If one puts 

(1-1) 1111,1 ■— -„ 7 • ^ fw,(i,j), 

then 

(1-2) ^ = Vw I V, and ^ /u,,^ = for 1 < i < r„. 

«=1 ' w\v 

Then we define the index set Q{D/K^ s, f) by 

(1.3) niD/K,s,{):^ n ^v{D/K,sJy). 

It is not hard to see that the local component Vty{D/K^ s, fy) is singleton for almost 
all V and every ily{D/K, s, fy) is a finite set, and hence that il{D/K, s, f) is a finite 
set. 

We can write any element in fl{D/K,s,f) in the form f» = {fw.*)we'El j where 
fw,* = {fw.{i,j)) is an element in Z^"q x Z^q" with the conditions above. We make 
an appropriate order on the index set {{i,j)} and regard as a (long) vector in 

T -t — * 

^>o " "i Section lOI for details. Denote by / ° ^ the vector obtained by removing 
zero entries of the vector (also see Section |4?2|) and define f° := {fw,*)wGi:l ■ 
Note that the sum ^ ■ ^- fw.{i,j) is equal to the local capacity of the central simple 
algebra D'^ over Lg at w for all finite places w. Therefore, there is a hereditary order 
i?'(f°) in ZJg with invariant f° and it makes sense to talk about the class numbers 
hg'\D'jLgX) ■= hg»{D'jLg,R'{l°)) for positive divisors s" of [Fr,/ : F,^]. 
With notations being as above, our transfer principle is stated as follows. 
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Theorem 1.1. For any two positive divisors s and s' of \¥d ■ ^q] 

have 

(1.4) s-hAD/K,R)= K,,,{D'jL,,R'{t)). 

f,GQ(D/K.,s,f) 



We make a few remarks about Theorem ll.il When D is of Drinfcld type, Theo- 
rem [TTT] recovers Gekeler's transfer principle (cf. Theorem 15. 1|) . See Section ISTTl for 
the explanation of Gekeler's transfer principle for supersingular Drinfeld modules 
and the deduction from Theorem 11.11 As a result, we give an algebraic proof of 
Theorem 15.11 Note that in this special case, the hereditary orders R'{{°) in D'^ 
occurred in (|1.4[) are also maximal. This is not true for the general cases; one needs 
to deal with class numbers of hereditary orders (in smaller subalgebras) as well even 
when one starts with a maximal order R in D. This is also a main reason for us to 
consider directly the cases of arbitrary hereditary orders. 

Theorem 11.11 indicates that in order to get hs {D /K, R) , it suffices to compute 
hi{D'^/Ls,R'{i°)) for each in n{D/K,s,f). Recall that the associated mass 
Ma,ss{D/ K.R) is defined as follows: 

l<i<h(B) » s|[Fc:F,] ^ 

where Ri is the left order of each i?-ideal li. The mass Mass(I?/i^, R) only depends 
on the invariant f of i?, so we may also denote it by Mass(£'/ii', f ). Notice that 
ii^{Rf ) = — 1 if there exists an optimal embedding of Ol^ into Ri. The mass 
formula (cf. [4], the precise formula is also stated in Theorem 13. ip shows that the 
mass Mass(D/fC, i?) can be computed explicitly in terms of integral values of the 
zeta function of K. Theorem 11.11 and the mass formula for y[ass{D'g / L s , R' 
together provide enough equations to solve each weight-s class number hs{D/K, R). 
As a result, the class number h{R) can be also expressed in terms of special zeta 
values eventually. 

The second part of main results is to make the computation of the class number 
more effectively. Note that the index set n{D/K, s, f) in (|1.4[) is the product of its 
local components fly (|1.3p . However, the class number h^i fs{D'^/ Ls, R' is not. 
Therefore, there is no direct way to reduce the computations locally. The way we 
do is to regroup the relation (|1.4p into the (partial) mass sums (see Theorem 14. 6p : 

(1.5) Y: ^"^J^\'^ = Y M^ssiD'jLJ:). 

s':s\s'\[¥d-¥k] f,en{D/K,s,f) 

Note that now one can compute the right side of the equation (|1.5p directly us- 
ing the mass formula, without going through the induction step of computing 
hi{D'^/Ls,R'{f°)) recursively. This simplifies the computation significantly. 

The second input is using the nice property of the masses, which allows us to 
separate the global and local contributions. Set 
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where f^ax is the invariant of a maximal Ol^ -order i^^ax ^'s- For any finite 
place w of Ls and any vector hw = {hw,i, hn],r^) G Z^"^, we set 



n {N{wy-'' - 1 



(1.6) T'M/Ls,h^) 



i=l 



ft f n (A^(«^)'^-^" - 1) 



where TOu, is the local capacity of D'^ at w, is the local index of D'^ at w and 
Af(w) is the cardinality of the residue field of Lg at w. Then the mass formula 
(Theorem 13. ip gives 

Mass(I?;/i„C)) = Mass(D;/L,)- J] VM/Ls, U,.). 
For each finite place v oi K, define 

(1.7) e,{D/K,s,f,):^ IY[T'M/L,,U,,) 

(A...)»i„eo„(D//f,s,/";) V"'!'' 

Our second main result (Theorem UTT]) states as follows, which reduces the com- 
putation in purely local terms. 

Theorem 1.2. Notations being as above, one has 

(1.8) s- ^''^^'^f^ = M^s<D'jL,)- W e,{D/K,s,K). 

s':s\s'\[¥o-Vk] ^ ve^% 

We also provide a simple method to compute the local terms <dy{D/K, s, fy) us- 
ing generating functions (see ProDOsition l4.8p . In Section HTSl we present a recursive 
formula for computing the class number h(R) using Theorems 11.11 and 11.21 together 
with the explicit computation of the local terms &y{D/ K, s, f^). 

We already mentioned that the index set n{D/ K, s,i) is the combinatorial de- 
scription of the product of all local optimal embeddings of Lg in Ri, following from 
the results in Section[71 Therefore, this gives a combinatorial criterion of determin- 
ing the existence of optimal embeddings. As a by-product, we obtain the following 
generalization fTheorem 14.41) of Eichler's theorem [5] on optimal embeddings from 
quaternion algebras to central simple algebras, which is of interest in its own right. 

Theorem 1.3. Notations being as above. There is an optimal embedding of Ol^ 
into a hereditary order R' in D of invariant f if and only if for all v G S^f' ''"'^ 
has the divisibility 

(1-9) fv,^ 
for 1 <i<ry. 

In [5] Papikian establishes a bijection between the isomorphism classes of excep- 
tional X'-elliptic sheaves with the ideal classes of a certain hereditary order. Also, 
he identified the isomorphism classes of supersingular 2?-elliptic sheaves with the 
ideal classes of a maximal order. One application of our main results evaluates the 
number of isomorphism classes of those 2?-elliptic sheaves. 
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Another application of our results is to compute the dimension of certain auto- 
morphic forms for definite central simple algebras. Indeed, the class number h{R) 
is simply the dimension of the space L'^{D^\D^ /R^) of automorphic forms. Here 
D:= D 

®K ^'^d R ■= R (E>A where is the ring of finite adeles of K and 
A is the pro-finite completion of A. 

This paper is organized as follows. In Section [21 we include the preliminaries for 
central simple algebras over global function fields and local properties of hereditary 
orders. We also compute the degree [¥d '■ ¥q] of a maximal finite subfield ¥d in D. 
In Section [3] we explain the strategy of computing the class number from the mass 
formula and optimal embeddings. An explicit mass formula for hereditary A-orders 
is described in Section [XT] In Section [X^ we translate the problem of computing 
class numbers into that for numbers of (global) optimal embeddings. We also 
note at the end of Section [3] that global optimal embeddings can be understood 
through the study of local optimal embeddings. The main theorems are presented 
in Section 21 and we give a recursive formula for computing the class number in 
Section 14.51 Section O includes special cases and examples to show the relation 
between the main theorems and previous results in |4] and [6] . In Section 15. 1[ we 
recall Gekeler's transfer principle for supersingular Drinfeld modules and deduce 
Gekeler's result from Theorem 11.11 In Section 15. 2[ we focus on the special case 
where [¥d : ¥q] is a prime, and express the class number h{R) in terms of masses. 
Moreover, when the degree n of D over K is a prime number, we obtain an explicit 
class number formula which coincides with the formulas in (4j Theorems 3 and 9] 
in the case where K is the rational function field. We also give an example for the 
reader's interest using the recursive formula of Section 14.51 In Section [HI we show 
that the computation of the class number of other genus of (not necessarily locally 
free) i?-ideals can be reduced to that of locally free i?'-ideals for another hereditary 
A-order R', the principal genus class number. Section [71 is an independent section, 
in which we make a detailed study of local optimal embeddings. This also plays 
the key ingredient in the proof of our main theorem Theorem 11.11 

2. Preliminaries 

In this section, we set up general notations and establish basic results of defi- 
nite central simple algebras of arbitrary degree which we shall need in this article. 
Further details are referred to |11| . 

2.1. General settings. Let i^T be a global function field with finite constant field 
¥q, i.e. the transcendental degree of K over is one and is algebraically closed 
in K. For each place v of K, the completion of X at u is denoted by Ky, and we 
set Oy to be the valuation ring of K^. Fix a uniformizer in 0^. The residue 
field Ov/{7ry) is denoted by F„, and degv is the degree of F.„ over ¥q. There is a 
canonical embedding F^, Oy, and Oy is in fact isomorphic to the power series 
ring F.„[[7ri,]]. The cardinality of F„ is denoted by N{v). 

Let D he a, central simple algebra over K with dimA'-D — v? . For each place v 
of K, we have that Dy := D ®k Ky is isomorphic to Matm„ (At,), where A„ is a 
central division algebra over Ky with dim^-^ A„ = and niydy = n. We recall the 
definition of local invariants of D. Note that A^ contains an unramified maximal 
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subfield Fy (so [Fy : Ky] = dy), and there exists an element Uy in A„ such that 
= TT^" where /t„ e Z with gcd(fi;„, dy) = 1, and 

= 'FTy{ay)Uy fOI Stll Uy ViV Fy . 

Here Fr„ is the Frobenius automorphism of Fy over Ky, i.e. for any Uy in the val- 
uation ring Of,, of Fy we have ¥xy{ay) = ay^^^ (mod TTyOp^)- The local invariant 
iiWy{D) of D at V is defined as 

inv„(£') := Ky/dy mod Z e Q/Z, 

which is independent of the choices of Fy, 7r„, and We call D ramified at v if 
imjy{D) ^ (mod Z), i.e. At, is not equal to Ky. Let S — Sd bo the set consisting 
of places of K where D is ramified. It is well-known that S is finite, and that 

^ mvy{D) = (mod Z), 
where Y,k denotes the set of all places of K. 

2.2. Hereditary orders. Fix a place oo of K, referred as the place at infinity; and 
others are referred as finite places of K. Let A be the ring of functions in K regular 
outside 00. Recall that a hereditary A-order R in D is an vl-order in D such that 
every left (or equivalently right) ideal of R is projective as an ii-module. It is known 
that an A-order i? in D is hereditary if and only if its completion Ry := R (S)a Oy 
is hereditary for all finite places v of K. 

Let Rhe a, hereditary A-order in D. For each finite place v of K. The completion 
Ry := Oy IS sl hcrcditary Ot,-ordcr in Dy = Matm^, (A,,,). The unique maximal 
0„-order in A„ is denoted by O^,, and we set *P„ to be its maximal (two-sided) 
ideal. It is known that there exists a vector fy = {fy^i, fy^r„)j where fy^r„ 
are positive integers such that fv,i = it^v, and Ry is isomorphic to the ring 

Matm^(/„,OA„) consisting of elements X = (^i,j)i<i,j<r^ in MatTO^(OA^) such 
that 

^ g fMat/„„x/„.,(OAj ifi<j, 
\Mat/„,,x/.,,(qJ.) ifi>i. 

The number ry is called the period of Ry\ the vector /,,, := (/«,!, fy,rS) is called the 
invariant of R at v, which is uniquely determined by Ry up to cyclic permiitations. 
When fy = (1, . . . , 1), the order Ry is the Iwahori order which is the preimage of 
the set of upper triangular matrices over OA„/^y We shall also call the collection 
f = {fy)y^oo the invariant of R. 

Note that the class number h{R) only depends on the invariant f of i? but not 
on R itself. We also write h{D/K,f) for the class number number h{R). 

2.3. The constant field of D. Let K, oo, A and D be as above. Assume that 

D is definite with respect to oo, that is, the completion D^o '■= F> ®k K^o at oo is 
a division algebra. For any element a in D which is algebraic over Fg, ¥q{a) is a 
finite field with 

[Fg(a) : ¥,] = [K{a) :K]\n, 

as K{a) is a subfield of D. 

Let s be a positive divisor of n. Put Lg := KWg,, the constant field extension of 
K of degree s. For any place v of K, let is,v be the number of places of Lg over 
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V. One has £s,v — gcd(s, deg w). The following lemma gives the criterion for the 
existence of an embedding of Lg into D. 

Lemma 2.1. There exists an embedding l : Ls ^ D if and only if is,v divides rUy 
for all places v of K . 

Proof. Suppose D ®k Lg = Matc^(As), where is a central division algebra 
over Lg. By _12l Lemma 2.3], there exists an embedding of Lg into D if and only 
if s\cs. For each place v of K, let w be a place of lying above v. We denote by 
Lg.w the completion of Ls at w] one has [Lg^^ : Ky] = s/£s,v Write 

D(E)K Ls,n, = Mat^ JA^), 

where A^ is a central division algebra over Ls^w Then by [TTJ (31.9) Theorem] 
(remembering ~ Mat™^ (Ai,)), 

s m 

(2.1) r„ = my ■ gcd{dy, [Ls,w ■ Ky\) = gcd(m„d«,m„ • — ) = gcd(n, s • —^). 

It is known that (cf. [11, (32.17) Theorem]) 

(2.2) Cs ~ gcd(r^ : place w of Lg). 

It follows from (12.11) that s\ryj if and only if (g.vl'rnv, and (12. 2p says that s\cs if and 
only if s\ry,. This completes the proof of the lemma. | 

Definition 2.2. Let so be the divisor of n which is maximal such that £sa.v divides 
niy for all places v oi K . Then the finite field F^j := F^sq is called the constant field 
ofD. 

Remark. (1) By Lemma l2.1l any maximal finite subfield of D is isomorphic to Wd- 
(2) For our convenience, we also denote by ¥k the constant field of K. 

Suppose n — p"^ . . .p"'', where pi are distinct prime numbers and n,; are positive 
integers. For any u e , the set of all places of K, let 

r r r 

s = Y\.pT'^'''' ^ TO„ = JJp"' and gcd(deg w, n) = J^p"'*-"^ 

i—l i—1 i—1 

be the primary decomposition. Then one has £s,v \ fn^ if and only if 

(2.3) min{ni(s), ni(u)} < mi(u), Vi = l,...,r. 

Note that mi{v) — Hi for almost all places v G ^k- For each i = l,...,r, if 
^{{v) < miiv) for all v € S^f, then ni{s) can be any integer < ni{s) < rii. Let 
Si := {v G S \ ni{v) > mi{v) }. Then if Si is non-empty, one has 

< rii(s) < min{TOi(w)}. 

Therefore, we obtain the following lemma which computes the degree sq = [F^i : 
Fk]. 

Lemma 2.3. Let the notation he as above and let sq = 111=1 • Then one has 

fori^l,...,r, 

/ ^ J min„g5.{TO,(w)}, ifS.i^%, 
(2-4) n,{so) ^ \ . 

rii, otherwise. 
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Now, let R be an A-order in D. Then the multiphcative group R'^ must be a 
finite cyclic group. More precisely: 

Lemma 2.4. Let the notation and assumption be as above and let R he any A- 
order in D . Then the multiplicative group R^ is isomorphic to ¥'^s for some positive 
integer s \ \¥d ■ Vk]- 

Proof. Since R is discrete in Doo and R^ is in the maximal compact subring 
Od^ of Doo, we have the finiteness of i?^ . We show that the group homomorphism 

^(OD^/*Poo)^ 

is injective. Let a e R^ be an element in the kernel. Then a = 1 + a where 
G *Poo. The finiteness of the order of a implies that a = 0. To see this, suppose 
the order of a = p^ ■ m where p is the characteristic of Fg and gcd(p, m) = 1. Write 
= 1 + fen where b G 0/\^ and 11 is a generator of *Poo- Then 

1 = {aP'')"' = l + m•fc^+••• 
and hence 6 = 0. Thus we have — 1, i.e. (0;)^ — 0. Since D is a division 
algebra, a = 0. 

Therefore R^ is a finite cyclic group, and Fq[i?^] ~ ¥qs for some positive integer 
s I So = : Fq]. Since FJi?^] C R, one has 

R"" = (FJi?^])^ ~F,^.. 

This completes the proof of the lemma. | 

3. Strategy of computing the class number h{R) 

In this section, we explain how to compute the class number h(R) of a hereditary 
A-order R in D. Recall that _D is a definite central simple algebra over K with 
dirnxD = and i? is a hereditary ^-order in D. 

3.1. Mass formulas. A locally free (fractional) right ideal I of R is a. projective 
A-lattice in D such that I ■ R = I and for each finite place v of K, there exists ay 
in such that /„(:= / ®a Oy) — a^Ry. Two locally free right ideals Ii and I2 
are called equivalent if there exists an element b in such that Ii = b ■ l2- We 
are interested in the number h = h{R) of locally free right ideal classes of R in D. 

Let be the ring of finite adeles of K, and let A be the pro-finite completion 
of A. Note that the set of locally free right ideal classes of R can be identified with 
the finite double coset space D'^\D^ / R^ , where D := D(^k^'k and R := R^aA. 
More precisely, let gi, ■■■,gh be representatives of the double cosets. Then {Ii := 
D n giR I 1 < i < ft,} is a set of representatives of locally free right ideal classes of 
R. 

For 1 < i < h, let Ri be the left order of U. Since D is definite, by Lemma the 
cardinality of the multiplicative group Rf is finite. The mass sum Mass{D/K,R) 
is defined by 

(3.1) Mass{D/K,R):= ^ — i-. 

Let S' — S'j^ be the set of finite places v oi K for which Ry is not a maximal 
O^-order in Dy . Recall that S" = S'd is the set of ramified places (including 00) of 
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K for D. The mass sum Ma.ss{D/K, R) has an exphcit description by the fohowing 
theorem: 

Theorem 3.1. (Mass formula) Let D be a definite central simple algebra over K 
with dinii^Z? — . Let R be a hereditary A-order in D. For each place v of K. 
Suppose the local invariant inv„(Z?) is n^/d^ mod Z and the invariant of R at v 
{when V is a finite place of K) is fy — /t,_r„)- Then we have 

(3.2) M'^ss{D/K, R) = i^^S^S. . ]J Ca'(-*) ' H " 11 

i=i ves veS' 

where Pic(A) is the Picard group of A, Ck{s) is the Dedekind zeta function of K : 

the constants Ty and Ty are given by 

Ty= n 

and 

n {N{vY^^ - 1) 

(3.3) rJ:=[GL™,(OAj:i?^] = - 



Proof. See |4l p. 382] and [9]. Also see [H] for detailed computations of the 
proof. I 

3.2. Optimal embeddings. Let F^i be the constant field of D. We have shown 
that i?f = F^s; for some Sj | sq where sq = [¥d ■ ^k]- Set 

(3.4) h, - hs{D/K,R) #{1 < i < I #(i?,r) = - 1}. 

We call hs{D/K, R) the weights class number of R. We point out that hs depends 
only on the invariants of R at finite places of K. The mass sum Mass (Z3/if, i?) 
then can be written as 

(3.5) Mass(D/X,i?) = V^^. 

,9-1 

s\so 

Note that 

(3.6) h = J2hs- 

s\so 

For any positive divisor s of n, we denote by Lg the constant field extension K¥qs 
of degree s. Let Ol^ := AF^s, the integral closure of A m Lg. For 1 < i < /i, an 
optimal embedding of Ol^ into Rt is an embedding f : Ls ^ D such that 

/(L,)ni?, = /(OiJ. 

If the set of optimal embeddings of O^^ into Ri is non-empty, then there are ex- 
actly s different embeddings into Ri. To see this, the map / is determined by its 
restriction on the constant subfield ¥qs and the image /(F^s) is contained in the 
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finite field ¥q[B.^]. Therefore, tliere are exactly s maps /. Note that an optimal 
embedding of Lg into i?j exists if and only if F^s can be embedded into Ri. 

The number of optimal embeddings of Ol^ into Ri are related to the class num- 
bers hs' for s\s' via the following identity: 

(3.7) s ■ ^ hs' — ^ ^{optimal embeddings of Ol, into Ri}. 

s':s\s'\sq l<i<h 

Let 

(3.8) ¥.{D/K,s,R) -.^ ^ #{optimal embeddings of Ol, into i?,}. 

l<i<h 

Then 'Ei{D/K, s, R), as the same as h and hs, also depends only on the invariants 
of R at finite places of K. Suppose we can compute E{E/K, s, R) for each divisor 
s > 1 of So- Then together with the mass formula p.2p and the equation p.Sp . we 
have enough equations to solve the numbers hs- This gives the class number h in 
question. 



3.3. Adelization. Now we focus on the computation of ^{D / K, s, R) for s > 1. 
Fix an inclusion l : Ls„ = A'F^) ^ D. For each positive divisor s of sq, the set of 
optimal embeddings of O^^ into Ri can be identified with 

C,{Lsr\£,{s,R.,)/{R^), 

where C^^Ls) is the centralizer of t(Ls) in D and 

f,(s,i?,) :={.gGi5^ \g-hiLs)gnR, = g-h{OLjg}. 

Set 

(3.9) £,(s, R) := {geD"" \ i{Ls) D gRg-' = i(0ij}. 

Then 

Lemma 3.2. We have the following bijection: 

Ua{Lsr\£,{s,R,)/R^ - a{Lsr\l{s,R)/R'< 

i=l 

geS,is,R,) ^ C,(L,)><5g,i^^ 

where gi,...,gh are the chosen representatives of double cosets in D^\D^ / R^ . 

Proof. It is clear that $ is well-defined. Now, for each g G £i{s,R), there exist 
an element bg e I?^ , an integer ig with I < ig < h, and an element jg G i?^ such 
that 

Then bg must be in £^{s,Ri^), and 

CiLsYgR^ ^ C,{LsrhRl € a(L,)x\f,(s, 
gives the inverse map of | 
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Let Ls :— Lg ®k A^, and let Cl{Ls) be the centralizer of l{Ls) in D. We have 
the following canonical surjective map 

(3.10) ^ ■.C,{Lsr\£,{s,R)lR'' ^C,{LsV\Us,R)lR''- 

The fiber of a double coset Ci{Ls)^ gR^ under the map ^' is equal to the following 
double coset space 

(3.11) a(L,)^\c,(2,)V(a(£.)" n.9^^r')- 

Note that the base space C,,{Ls)^\£,,{s, R) / R^ can be decomposed locally: 

(3.12) C,{L,)''\£,{s,R)/R'' = [] C,(L,,„)><\£,,,(s, i^,)/i^,^ 

where 

Ls,v Ls (E)K Kv, Rv ■■= R<E)aOv, Ol,,v Ol, <E)AOy ^Y]_Ol,.,w, 

w\v 

and 

(3.13) £,,,{s, i?„) := {5„ G \ l{Ls,.) n g.R.g-^ = ^(Ol,,,)}. 
Therefore, to compute the number of optimal embeddings in question, we need 

to 

• give an explicit parametrization of C^{Ls^^)^\£^^^[s, Ry)/R^ for each finite 
place V of K, and 

• calculate the cardinality of the fiber of each double coset in the base space 
C,{Lsr\£,{s,R)/RX. ' 

According to the study of local optimal embeddings in Section [3 the double 
coset space Ci,{Ls,v)^\£v,l{s,Rv)I R^ can be understood clearly. Besides, the fiber 
of a double coset in Cl{Ls)^\£i^{s, R)/ R^ can be identified with the set of locally 
free right ideal classes of a corresponding hereditary O^^-order in the centralizer 
Ct(Ls). When s > 1 and s | [¥d ■ ¥q], the algebra C^[Ls) is again a definite central 
simple algebra over L^, with [Ct(Ls) : is] = (n/s)'^- Repeating this process, we 
evaluate the class number h{R) eventually. 

4. Main results 

4.1. In this section, we analyze the number of global optimal embeddings. We 
establish relations among weight-s class numbers hs{R) and those of smaller central 
simple subalgebras, for which we call the "generalized "transfer principle". Then 
we use these relations to evaluate the class number h(R) recursively. 

Let f := {fv)v^Qo where for each finite place v of K, /„ = {fv,ii fv,r^) is a 
vector in 'Z^q with X)j=i /I'j' = "^"j ^^'^ ^^r almost all v we have r^, = 1. Let 
R = R{D/K, f ) be a hereditary A-order in D so that the invariant of Ry is at 
every finite place v. 

Let s be a positive divisor of sq = [F/j : F^]. Recall the equation (|3.7I) (also see 

m) 

s- hs>{D/K,i) = E(D/K,s,{), 
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where hs{D/K,{) = hsiD/K,R) and 'E,{D/K,s,f) = 'E{D/K,s,R) are as in Sec- 
tion O 

Before presenting our main result, we recall some notations and the invariants 
which we need: 

• D is a definite central simple algebra over K with dim^ D — tt? . 

• Kv/ dy mod Z is the local invariants of Z? at w and m„ — n/ dy. 

• For each positive divisor s of n, put 

= gcd(s,degw), and is,„ = gcd(s/4,i,, ^t,)- 

• We denote by S° the set of places w oi Lg — K¥qs with w \ oo. 

Note that Ig^v is the number of places of Lg over v and ts^v is the capacity of the 
central simple algebra Lg.w over Ls,™, that is, A„ Ls.w — Matt^ ^ (A^j/). 

4.2. The index set n{D / K, s,f). Let f — {fv)v^oo be as above, and let s be a 
positive divisor of sq = [F^ : F^]. We define a set i}{D/K, s, f) as the product over 
all finite places of sets ^^{D / K, s, fy): 

(4.1) n{D/K,s,{)= J] flyiD/K^sJy). 

For each v G T,^, let flv{D/K, s, /„) denote the set consisting of all tuples {fw,*)w\v 
indexed by places w of Ls over v, where each /u,^* = {fw,(i,j)) is an x ^,-matrix 
with non-negative integer entries fw,(i,j) G ^>o (for 1 £ * < and 1 < j < ts^v), 
that satisfy the following conditions: If one puts 

(4.2) fw,i '■= ~„ 7 ' ^ ^ /to,(ij")) 

J = l 

then 

(4.3) ^ = — Vw I w, and ^ /u;,^ = /u,^ for 1 < i < r„. 

i— 1 w\v 

Each element of Vt{D/K^ s, f) is also of the form — (/ui.*)tugso , where /t„^, = 
(/ui.(ij)) with non-negative integers fw,{i,j) that satisfy the above conditions. We 
put an order on the index set {(«, j)}i<i<r„,i<j"<ts „ by 



(z,j) < ii',f) if 



I j < f, or 

I j = j' and i < i', 



and write fw_^ as a long vector in ZI,"q ° that is, 

/mi,* = (/jil, (1,1)7 •••7 fw,(r^,l), /iii,(l,2); ■••7 /jii,(r„,2)7 ■••7 /jii,(l,ts,i,) 7 ••■7 fw,(ri..ts^^))- 

When dy = 1 and r^, = 1, one gets tg^v — 1 and /„ = [n). In this case, we get 
/to.* — {n/ s) for all places w of lying above v. Therefore, 

This shows that il{D/K, s, f) is a finite set. 
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Lemma 4.1. The set Qv{D/ K, s, fv) is non-empty if and only if 



(4.4) 



f t 
for 1 < i < r„. 

Proof. It is clear that the non-emptiness of ily{D/K, s, /,„) implies the condition 



Note that s/£s,vts,v = Pa;„ : ^A^,]- Since there is an embedding Lg.w ^ 
Matm^/fj „ (A„), the divisibility {s / ls^vts,v) \ i'niv/£s,v) is automatically satisfied. 
Conversely, suppose the condition (|4.4I) is satisfied. Then the set flv{D/K, s, fv) is 
non-empty by the next lemma. This proves the lemma. | 

Lemma 4.2. Let (mi,...,™^) and (/i,...,/^) be two sequences of non-negative 
integers satisfying X]iii=i ''^w — X]I=i /«■ Then the set 

^ -.^ I ifw,i) e Z>o X Z>o I ^ = /j, Vi, ttTid ^ fy,A ^my.Wwi 

K. w i ) 

is non-empty. 

Proof. We prove this by induction on t. The statement holds clearly when 
£ = \. For any choose non-negative integers fi,i---,fe,r with fi^i < fi for 
all i = I, . . . , r and J2i fiA = By induction, the set for (mi, . . . , m^-i) and 
(/i — . . . fr ~ fe,r) is non-empty and hence the set f2 is non-empty. This proves 
the lemma. | 

4.3. Main results. For each f, G n{D/K,s,{), set f° := (/°,J^gs« where ^ 
is the vector obtained by removing the zero entries of the vector fw.*- For example, 
if „ = (5,0,4,1,0,1), then /° „ = (5,4,1,1). See (EH) for the definition of the 
term E{D/K,s,i). 

Theorem 4.3. Let D be a definite central simple algebra of degree over K . 
For each place v of K , the local invariant inv^,(D) is denoted by Hy/dy mod Z and 
n — niydy. Let s be a positive divisor of sq = \¥d : ¥ji] and f ~ {fv)v^oo, where for 
each finite place v of K , fy = {fv,i, fv,r^) is a vector in Z!!,"q with fv,i — 

and for almost all v we have r„ = 1 . Then 

(4.5) EiD/K,sJ)= h{D'jLsX). 

f,en(D/K,s,f) 

Here D'^ is the centralizer Cc{Ls) in D {for an arbitrary fixed embedding l of Ls„ 
to D), which is a definite central simple algebra over Lg, and h{D'g/ Ls,{°) is the 
class number of hereditary Ol, -order R{D'g/Ls, f°) in D'^. 

Proof. Fix an embedding t : Lgg ^ D. For any positive divisor s of sq, we must 
have £s,oo = 1- Therefore D'^ is definite (with respect to the unique place of Lg 
lying above oo). 

Let R — R{D/K,{) be a hereditary ^-order in D such that the invariant of R 
is f. By Lemma [321 we have 

E(D/i^,s,f) = #(a(i,)x\£;(s,i?)/i?x). 



CLASS NUMBERS OF DEFINITE CENTRAL SIMPLE ALGEBRAS 



15 



Consider the canonical surjective map 

^ : C,{L,r\£,is,R)/R'' ^ a{L,r\£,{s,R)/R''. 

Note that 

(4.6) = II 

By Lemma [721 Propositions 17.51 and 17.61 (1). and Theorem 17.101 (1). we have a 
natural bijection 

From (|4.ip we have a natural bijection 

(4.7) C,{L,r\£,{s,R)/R'' ^n{D/K,s,i). 

Let [g] be the double coset corresponding to a given f, G n{D/K,s,i). By 
Propositions 17.51 17.61 f2). and Theorem 17. 101 f2). we have 

aiLs) n gRg-^ = R{D'jLs, t), 
which is a hereditary O/,^ -order in D'^. Therefore 

^^g^ #v&-i([.g])^#(^a(i.)x\c,(Z.)x/(a(£.)^n5i?^r')) 

= /i(z?;/i„C). 

This completes the proof of the theorem. | 

Theorem 4.4. Notations being as above. There is an optimal embedding of Ol^ 
into a hereditary order R' in D of invariant f if and only if for all v £ S^sTj one has 



(4.9) 



fv,' 



f t 

for 1 <i<ry. 

Proof. This follows from (|4.7p and Lemma |4H | 

It is clear that for each positive divisor s of sq = [Fd : F^], one has 

[¥d'^ ■.¥qs]=so/s. 
Theorem 113] (and ([XT)) ) tells us that 

s':s\s'\so f,en(D/K,s,i) 

(4.10) / 

= E E K',s{D'jLsX) 



\f,en{D/K,s,f) 

The following is one of main theorems of this paper, which is a refinement of the 
relation ([ITU|) . 
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Theorem 4.5. (The generalized transfer principle) For any two positive divisors 
s and s' of Sq with s \ s' , we have 

(4.11) s-hAD/K,{)^ J2 K./,{D'JlJ°). 

f,en{D/K,s,f) 

Proof. For positive divisors s and s' of sq with s \ s', one observes that 

niD/K,s',i)= H niD'jLs^-.il). 

s 

i,en{D/K,s,f) 

Suppose the statement holds in the case s = s', that is, the relation 

(4.12) s-h,{D/K,{)= J2 h,{D'jLJ:) 

f,en{D/K,s,f) 
holds for any positive divisor s of sq. Then 

s-hAD/K,i)^^-(^s'-hAD/K,{))^^- hM,/L,,X). 

f,en{D/K,s',f) 

On the other hand, one has 

^ h,,^,{D'jL,,rj 

= ^ E ( E h,{D',/L,x) 

%,en{D/K,s.f) \f,en{D'jL^.s' /s,i°) 

Therefore to complete the proof, it suffices to prove the equality (|4.12p . We prove 
this by induction on the number fi{D/K,s) := X^i'^ij where [F^i : Fx]/s = riiP"' 
is the prime decomposition. 

Note that [Wd'^ '■ FlJ = sq/s for any positive divisor s of sq — [F^ : ¥k]- 
Therefore (|4T2)) holds for ^i{D/K,s) = 0, i.e. s = Sq = [¥d ■ Vk]- Indeed, by 
Theorem 14.31 we have 

so-h,,{D/Kj)=-EiD/K,so,{) 

J2 h{D',jL,j:) 

f,en{D/K,so,f) 
f,en(D/K,so,f) 

Suppose the equality (j4.12p holds for any pair [D" / K" , s") with 
^l{D"|K",s")<^i{D/K,s). 

Then we get 

(4.13) E(I?/i^,s,f) = s- h,,{D/K,{) 

s' :s\s' \sq 

= s-h,{D/K,i)+ Y ^{s' -hAD/Kj)) . 
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Since ^{D/K, s') < ^{D/K, s) for any positive divisor s' of so with s|s' and s < s', 

by induction hypothesis, one has 

(4.14) 



On the other hand, by Theorem 14.31 we get 

(4.15) E,{D/K,s,{) 

f,en{D/K,s.f) \s'.s\s'\so 

Since iJ,{D'g/ Ls, s' / s) < fi(D/K,s) for any positive divisor s' of sq with s\s' and 
s < s', by induction hypothesis again we obtain that 

(4.16) i E h,'/s{D'jL^,i:) 



E 7- E 



E E h,{D'jL,X 

\Uei1(D/K,s',f) 



Then the equation (|4.12p follows from (|4.13p - ()4.16p . This completes the proof of 
the theorem. | 

Recall that 

hs{D/K,l) 



Mass{D/K,i)^ Y 



g"' - 1 

s\[¥o.¥k] 

Theorem l4.5l states that one can compute the weight-s' class number hs'{D/K, f) in 
terms of the weight-s' /s class numbers of a central simple algebra D'^/Lg of smaller 
degree. Then by induction one can compute the weight-s' class number hs' {D / K, f). 
However, since the index set VL{D/ K,s,i) could be quite large, the computation 
by induction would be very complicated. The following theorem states that we 
can compute directly a modified version of the right hand side of the equation 
(|4.1ip in Theorem 14.51 without going through the induction step, but keep the same 
information so that we can compute the weight-s' class number hs/{D/K,i). This 
simplifies the computation significantly. 
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Theorem 4.6. Notations being as above, one has 

(4.17) Y: ^^^^^^^ Y MassiD'jLj^). 

s':s\s'\[¥o-¥k] f,en(D/K,s,f) 

Proof. This is obtained by multiplying the factor {q'^ — 1)^^ on (|4.1ip and 
summing over all positive integers s' with s|s'|so- I 

Set Ma.ss{D/K) :— Mass(£)/ii', f,„ax) where f,nax is the invariant of a maximal 
A-order in D. Then the mass formula in Theorem 13 . II savs that 

Mass(L»/ii:,f) = Mass(L»/A') ■ J| T'v{D/K,U), 
where for a vector hy = {hy^i, hy^r^) G '^^q, we set 

n {NivY^^ - 1) 

(4.18) T'y[D/K, hy) ^. 

For each finite place v oi define 

(4.19) Qy{D/K,sJy):= ^ \\[T' ^{D'J L^Ju 

(U,,)u,\ven^(D/K,sj^) V-^l" 

It is clear that <dy{D/K, s, fy) = 1 if rf^ = 1 and fy = (n). Therefore we can rewrite 
Theorem 14.61 as the following theorem, which reduces the computation in purely 
local terms. 

Theorem 4.7. Notations being as above, one has 

(4.20) s- Y ^''^^J^l^^ ^M^ss{D'jL,)- n Qv{D/K,sJy). 

4.4. Explicit computation of Qy {D/K^ s, fy). In this subsection we give a simple 
method to compute the term Qy{D/K, s, fy) effectively. 

Fix a finite place v of K. Recall that Dy = D (S^k Ky = Matm^, (A^) and A„ is 
a central division algebra over Ky with [A„ : Ky] — d^. For any positive divisor 
s of [Fzj : ¥k\, recall i^^y :— gcd(s,degw) and ts,y :— gcd{s/£s,v,dy). We have 
Ls,v = nuj=i ^w, where each L^, is a unramified extension over Ky of degree s/£s.y, 
and A„ Lyj ~ Mat*^ „ (A^). The division algebra A^ has degree d'y := dy/tg^y 
over Ly; and its residue field Fa^ has cardinality A^(i;)''"''/^= " . 

We assume that the set Vly{D / K, s, fy) is non-empty. By Lemma [4.11 this is 
equivalent to the condition 

s 

-f — 7 — fv.i, VI < « < r„. 

Since s divides \¥ jj : F^], one gets the divisibility 

s / rriy 
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The completion (g)^^ Ls,v of the division algebra D'^ at v is the centralizer of 
Lg^v in Dy, which is isomorphic to 



(4.21) 
where 

Set 



nMat^(.)(A;), 



Ul = l 



m. 



J vA ' 



■ fy^i G N, for 1 < i < ry. 



f f 

Then the set i\y :— ily{D/ K, s, fy) consists of all elements 

ifw,{ij))w,i,j G ^>o X Z>Q X Z>Q 

that satisfy the following conditions 
(4.22) 

X] = '^v^ ' V 1 < w < and ^ /i<,,(ij) = /ifi , V 1 < i < r^. 

Consider the following formal power series 

F{T) := l + aiT + a^T'^ + ■■■ + a^T" + • ■ • G Q[[T]], 



where 
(4.23) 

Put 



:= ^[iV(v)«*/^--^)-'=-l]-i. 



fe=i 



G(z,i:,^) := n n n ^^(^«. • • e mx,Y,z]], 

whereX = (Xi,...,X^^_J, y = (yi,...,y,J, and Z= (Zi, . . . , Z*^ J. 
can use the generating function G to compute the term Qy{D/K,s, fy). 

Proposition 4.8. The coefficient of the monomial 

1 ' * " i 1 * ' * '^^^ 

of the formal power series G{X_,Y_, 1, 1) G is equal to 



Then we 



J]^ [Ar(t;)««/^''.<")-'= - 1] 



fe=l 



Qy{D/K,S,fy). 



Proof. First for each w = 1,.. . ,ts,v, 

<8)L3 i«,^Mat^(,)(A; 
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where is a central division algebra over of degree d'^. Using the definition 
of 6^ we can express the term Qv{D/K, s, fv) as follows 



E 



n 

w — l 



k=l 



yi=ij=i k=i 



Therefore the term 



Y[[N{z 



fe=l 



is equal to 
(4.24) 



E 

with ll432l 



Q,{D/K,sJ,) 



■w — l i—1 j — 1 



On the other hand, one sees that the coefficient of the monomial 
of the formal power series G{J£,Z_, 1, . . . , 1) is equal to 



(4.25) 



E 

with lg32 



nnn«/=^ 

It! — 1 i—1 j — 1 



The result follows from the equations (|4.24p and (|4.25p . This completes the proof 
of the proposition. | 



4.5. A recursive formula for computing class numbers. In this subsection, 
we present an explicit recursive formula to compute the class numbers hs{D/K, f) 
in terms of mass sums. Recall that Mass(Z?/ii', f ) can be expressed in terms of 
special zeta values using the mass formula (Theorem 13. ip . Then the target class 
number h(D/K,{) is simply the following sum 

h{D/K,i)= J2 hs{D/K,i). 

sen, s\[¥d.¥k] 

We recall that (|2.2p F^i (resp. F^) is the constant field of D (resp. K). One 
computes the degree sq = [F/j : ¥k] using Lemma [131 

For each positive divisor s of [Fu : ¥k], we call the number of prime factors 
of the integer [¥d ■ ¥k]/s with multiplicity the depth of {D/K,s), and denote it 
by fi{D/K,s). That is, if [F^ : Fa']/s = Jli-P"* prime decomposition, then 
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(1) The case n{D/K,s) = 0, i.e. s = so- It is clear that [Fd. : FlJ = 1. 
Theorems 14.61 and 14.71 states that 



(4.26) h,iD/K,{) = i V Mass(-D;/i„C) 

s 

= Sl^.Mass{D'jLs)- TT e,{D/K,sJy). 

Therefore we have evaluated the class number hs{D / K,i) when ^{D/K, s) = 1. 

(2) Given a positive integer N, assume that the class number hs'{D/K,i) has 
been evaluated for any positive integer s' with ii{D/K, s') < N. Let s be a positive 
divisor of [F_d : F^] with the depth n{D/K, s) = N +1. Theorem says that 

(4.27) s- Yl ^''^^J^l^^ = Me.ss{D'jL,)- \{ e,{D/K,sjl). 

Since the right hand side of the equation (|4.27p can be computed explicitly, one 
evaluates the term hs{D / K,i) by 

hs{D/K,i) = ^— i • (Mass(i?l/L,) ■ Q^{D/K,s,U) 

h,,iD/K,f) 



E 



- 1 

s':s|s'|[Fj3:F^]. 
s'>s 

By the steps (1) and (2), we can compute all class numbers hs{D/ K,i) and 
hence compute the desired class number h{D/K,i). 

Remark 4.9. Since the mass sum can be expressed by integral values of the zeta 
function, the class number h(D/K,{) can be expressed in terms of special zeta 
values eventually. 

5. Special cases 



In this section, we explain first that Theorem 14.51 is a generalization of Gekeler's 
transfer principle [J. We also deduce an explicit class number formula in the case 
where the degree sq = [F/j : Fa'] is a prime. Then we give one example to illustrate 
how to compute the class number using the results in Sectional 

5.1. Gekeler's transfer principle. Let K,oo,A be as before and ■^o a fixed fi- 
nite place of K. For any positive integer n, let A{K,oo,vo;n) denote the set of 
isomorphism classes of supersingular Drinfeld ^-modules of rank n over F„(, . For 
any object (j) in A(if, oo, vq; n), the automorphism group Aut((/)) of is isomorphic 
to for some positive integer s with s\n. For any positive divisor s of n, let 

A{K, oo, Vq; n, s) := {0 G A{K, oo,vo;n) \ Aut(0) ~ F^. }. 

Theorem 5.1 (The transfer principle [X|). For any two positive divisors s and s' 
of n with s\s' , there is a natural bijection 

(5.1) $ : A{Ls,oOs,voy,n/s\s'/s) A{K,oo,vo;n, s'), 
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where Lg is the constant field extension of degree s, vq.s and oog are the unique 
places of Lg over vq and oo, respectively. Recall that O^^ is the integral closure 
of A in Lg. The map $ sends a Drinfeld Ol ^-module (ps '■ Ol^ ^vosi'''} 
Drinfeld A-module (p :~ 0s U- 

Let D be the endomorphism algebra End(0) (E)a K of cf), where 4> is an object in 
A{K, oo,vo;n). It is a basic fact that (cf. |6]) 

— inVoo(Z)) = mVyg(D) = 1/n mod Z 

and 

inv„(D) = mod Z for 7^ vq, 00. 
The subset A{K, oo,vo;n,s) is non-empty if and only if s|so, where sq :— [¥d ■ ^k]- 
Using the notation as before, moo — tt^vq = 1- By Lemma |2. 11 the integer sq is the 
largest divisor s of n that satisfies (degcx),s) — {degvo,s) = 1. It follows that 

(5.2) so= Yl p°"^^^''\ 

ptdcgUQ-dcgoo 

Let R End((/)) be the endomorphism ring of (f>, where cf) G A{K, 00, va;n). 
Then i? is a maximal ^-order in D and h{D/K, R) = ^A(K, 00, vq; n). Moreover, 
for any positive divisor s of sq one gets 

hs{D/K, R) = #A(i^, cx), ?;o; n, s). 

Therefore Gekeler's transfer principle asserts that for s | s' | sq, one has 

hg,{D/K,R)^hg,/g{D'jLg,Rg), 

where Rg is a maximal -order in D'^. 

Now, since i? is a maximal ^-order of D, the invariant f^^ = ifv)v^oo of R is as 
follows 

Ti, = 1 and /,„ = (my), Vu G 
As D is of Drinfeld type, we have 

{1 if u = 00 or Wq, \ n if u = 00 or Uq, 

and dy = < 
n otherwise; I 1 otherwise. 

Consider elements = {fw,*)wes'[ in ^{D / K, s,iji). For w ^ wq.sj the only 
possible choice for f^,* for w ^ VQ,g is (n/s). For w — VQ^g, the vector = 
(/ui.(i,j"))i<j<s satisfies the following property: 

fw,(i.j) = 1 for some j and fw.{i,j') = for j' ^ j. 

Therefore: 

(i) The cardinality of n{D/K, s,f/j) is s. 

(ii) For any f* G n{D/ K, s,iii), the ring R{D'g/Lg,i°) is a maximal O^^-order 
Rg in D'^. 

By Theorem 14. 5[ we have 

s-hg,{D/K,R) = s-hg,{D/K,{B) 

^ hg,/g{D'jLgX) 
f,en{D/K,s,fR) 
= s-hg,/g{D'jLg,Rg). 
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e{v) := 



This is exactly Gekclcr's transfer principle. 

5.2. The case where [¥d : F^] is a prime. Assume that sq ~ Wd ■ ^k] is a 
prime number. For any hereditary ^-orclcr R{D/K, f), one has 

hiD/K, f) = hi{D/K, f) + hs„{D/K, f), 

and 

Mass(i./i.,fVM^+M^. 
' ' ' q-l g«o _ 1 

By Theorem 14. 7[ we have 

So ^ ^ ^ 

f,en{D/K,so,f) 

Therefore we get the following result. 

Theorem 5.2. When Sq — [F^) : F^] is a prime number, we have 
h{D/K, f) = (q-l)- Mass{D/K, f) 

(5.3) ^-Massp^yL.J. TT e,(D/if, so, /.)• 

So 

Now, suppose rt is a prime number (where [D : K] = n^). For each place v of 
K, let 

1 if n I deg v 
otherwise. 

There exists an embedding of L„ into D if and only if JIdsSj, ^('^) = 1- Since 
= Ln and AF^^ — Ol,^, we have 

(5.4) Mass(i.;/L„) = ^^l^ 
and 

(5.5) e,iD/K,n,U) = MnviD/K,n,f:,)). 

Therefore it suffices to compute ^{ily{D / K,n, fv)) for the place v where Dy is a 
division algebra or where the order Ry is not maximal. 

Let S' be the set of finite places of K where R is not maximal. Since n is 
a prime, the intersection of Sd and S' is empty. Suppose v E Sd — {oo}- For 
{fw,*)w\v G ^v{D/ K,n, fy), there are precisely n choices for /^^* if is the only 
one place lying above v where v E Sd — {oo}, i-e. 

(5.6) #iny{D/K,nJy)) = n. 

Let V E S'. If £n,y = gcd(7i,degw) = 1, then Qy{D/ K,n, fy) is empty. Suppose 
£n,v = n for all v E S'. Then tn,y = 1 and my/£n,y = 1 for u € S' . Fix a place 
V E S'. Then for places wi, w„ lying above v, one has 

fw^,,* = (/«)i,,(i,l))l<j<r„ 

with = 1 for some i and fw^.ii'-^) ^ ^'-"^ ^ ^'^'^ 

= for 1 < i < r„. 

i/=i 
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Therefore the number of choices of {fwi,*, fw„,*) G ^v{D/K,n, fy), i.e. the car- 
dinality of i}y{D/K,n, fy), is 

(5-7) ...... r 

We conclude that Q{D/K^ n, f ) is non-empty if and only if 

(5.8) n ^(^)- 11(1 = 
and in this case, one has 

(5.9) #iniD/K,n,i))^ n 



By Theorem 15.21 and the relations (I5.4I) - (|5.9I) , we obtain the following result. 

Theorem 5.3. Let D be a definite central simple algebra over K [with respect to 
oo) of degree n. Let R = R{D/K, f ) be a hereditary A-order in D with invariant f . 
Assume that n is a prime number. Let S be the set of places where D is ramified 
(including oo), and S" be the set of finite places where the hereditary A-order R is 
not maximal. Then the class number h{D/K,f) is equal to 



{q~l) -MassiD/Kj) 



(5.10) , g" - g #Pic(OLj T-r, f ^^ Tl f 



■{l-e{v)) 



Theorem 15.31 agrees with the main results of Denert and Van Geel [4j Theo- 
rems 3 and 9] when K is the rational function field. We remark that the proof of 
Theorem 15.31 does not rely on the Eichler-Brandt trace formula. 

5.3. Example. Here we present one explicit example to show how to compute the 
class number by the recursive formula in 14.51 

Let K = '¥q (T) with q = ?> and A = '¥q \T] . Let D be the central division algebra 
over K with 

— inVoo(£') = invT(-D) — - mod Z, 

inv7-_j,i(_D) — mvT+2{D) = — mod Z, 

and mVy{D) = mod Z for v ^ oo,T,T + 1,T + 2. Let i? be a maximal ^-order 
in D. Then the invariant f = {fv)v^oo of R is: 

/t = (1) 

/t+1 = (2) 

/t+2 = (2) 

U - (4) fort;7^T, r+l,T + 2. 

By Lemma 12.31 we have [F/j : ¥k\ — 4. It suffices to compute hi{D/ K,i), 
h2{D/K,t), and hi{D/K,f). 
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Note that = F^4(r), Ol^ = F,4[r], and D'^ ^ U. By TheoremHJl 
hi{D/K,l) = ^^^.MassiD'jLi)- J] eT+riD/K,4, fT+^) 

Q<i<2 

= r n QT+^{D/KA,fT+^). 
0<i<2 

Since degT — degT + 1 = dcgT + 2 = 1, there exists only one place wt (resp. 
Wt+1, WT+2) of L4 lying above T (resp. T + 1, T + 2). Therefore 

^4,T = ^4,T+l = ^4,T+2 = 1, 

and 

^4,T — 4,t4,T+l = t4,T+2 — 2. 

This also tells us that 

When w = wt, for any = j))i<j<4 e ilriD/ K,4, fx), one has 

4 
J = l 

This means that there are 4 choices for fwT,*i i-^- 

#(17T(i^/i^,4,/T)) =4. 

When w = wt+1 or wt+2, any vector ^ = (/iL.,(i.j))i<j<2 satisfies that 

4 ^ 

Therefore there are 2 choices for fwr+i,* and fwT+2,*^ i-^- 

#(f]T+lP//^,4,/T+l)) - #(l^T+2(Z?/i^,4,/T+2)) = 2. 

We then conclude that 

(5.11) hi{D/K,i)^A. 

Next, we compute h2{D/ K,i). It is clear that there exists only one place wt 
(resp. Wt+1, WT+2) of L2 lying above T (resp. T + 1, T + 2), and 

^2,T = ■^2,T+l — ^2,T+2 — 1, t2,T = t2,T+l = ^2,T+2 = 2. 

By Theorem 14.71 we have 

The mass formula in Theorem 13. II savs that 

Ma.ss{D'JL2) = -r^ — = — . 

It remains to compute <dT+i{D/K, 2, fr+i) for < i < 2. 
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The vectors fwr,* = (/ii-r,(i j))i<j<2 € ^TiD/K,2, fr) satisfy that 

2 

the vectors Ut+u* = (/toT+i,(i,i))i<j<2 e ^^T+i(-D/i4r, 2, /t+i) and the vectors 
fwT+2,* = (/i«T+2,(ij))i<j<2 e ^^T+il^Z-fi^, 2,/^+i) satisfy that 

2 2 



This means that 



Hence 
and 



i=i j=i 

A,^,, = (1,0) or (0,1), 

= (2,0) or (1,1) or (0,2), 
/»T+2.* = (2,0) or (1,1) or (0,2). 

eT(i?/i^,2,/T) = 2 



eT+i(i?/i^,2,/T+i) = eT+2(i?/if,2,/T+2) = 2 + ^^ = 12. 



Mass{D/K,{). 



Therefore we get 

(5.12) h2{D/K,i) = U. 

Recall 

hi{D/K,{) h2{D/Kj) h^jP/Kj) 
q-1 q^-1 q^-1 

From the mass formula in Theorem 13. 1[ we have 

Mass(D/if,f) = 169/5. 
Together with the equations (IS.lip and (|5.12p . we finally get 
hi{D/K, f) = 64 and h{D/K, f) 82. 

6. Non-principal genera 

In the previous sections, we study the class number h(R) of locally free right 
ideal classes of R (the principal genus). In this section, we study the class number 
of ideal classes of R which are not necessarily locally free. We show that the class 
number of any genus of ideal classes of R can be computed in terms of the that of 
locally free ideal classes of another order R', which is still hereditary. As a result, 
our previous results on the computation of the class number of the locally free ideal 
classes of an arbitrary hereditary order R can be extended to that of arbitrary ideal 
classes of an arbitrary hereditary order (in D) . 

Keep the notation as before, in particular K, oo, A, D, R have the same meaning 
in the previous sections. By a right ideal I of Rwe mean an ^-lattice I in D which is 
also a right i?-submodule of D. Recall that a genus of right i?- ideals is a maximal 
set of right i?-ideals in D where any two ideals are mutually equivalent locally 
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everywhere, that is, for two ideals / and J, there exists an element ay G such 
that Jy — ay-Iy for any finite place v of K. Two ideals / and J in a genus C are said 
to be globally equivalent if there is an element a € such that J = al. Let C/ ^ 
denote the set of globally equivalent classes in the genus jC and h{C) := #(£/ ~), 
the cardinality oi C/ ^, called the class number of C The set of locally free _R-ideals 
forms a genus, which is called the principal genus; the others are called non-principal 
genera. 

Let w be a finite place of K. Suppose the invariant of Ry is f^, — {fv^i, fv,r^)- 
Then it is known that (cf. [TT] (39.23) Theorem) any indecomposable i?u-module 
is one of the form 

Mi,M2,...,M^„ 

where Mi = O^", Mi = Mi„i •rad(i?i,) for 1 < i < r„, and rad(i?i,) is the Jacobson 
radical of Ry. Recall that Dy ~ Mat™^ (A^,), where A„ is the division part and 
Oa„ is the maximal order in A„ . Suppose a right ideal / of i? is given. Then as an 
i?t,-module, ly must be isomorphic to 

(6.1) Aff"'' © © • • ■ © Mr:'"" 

for some g^, = {g^ j^,...,g^ .^J with g^ ^ G Z>o for each i and J2ili9y,i = "i^- 
The datum g„ fixes an isomorphism class of right i?^, -ideals, and we call it the 
isomorphism type of ly or the local isomorphism type of / at v. Therefore we 
conclude the following result. 

Proposition 6.1. The set of all genera of right R-ideals can be parametrized by 
the vectors g := {gy)y^oo, where 

(6.2) g„ = (5^_i,...,5^,,J G Z!;"o with ^g^^^^niy 

1=1 

and ry is the period of Ry. More precisely, let /(g) be the ideal of R such that for 
all finite places v 

/(g)„ = Aff"'' © © • • • © Mr:-"" . 

Then for any ideal J of R, there exists a unique vector g such that J and /(g) are 
in the same genus. 

Remark. When Ry is a maximal order, we have ry — 1 and so ly must be isomorphic 
to Ry as Ry-uiodnle. Therefore there are only finitely many genera of R. 

Let / be a right ideal of R, and let C{I) be the genus of right /?-ideals that 
contains /. Since any member J G C{I) has the property Jy — Oyly, it follows that 

£(/) = /5V^r 

where Rj is the left order of /. Therefore, 

(6.3) C{I)/^^ D''\D''/Rf ^ Cl{Ri) 

and hence one gets h{C{I)) = h{Rj), the class number of locally free right /?-ideal 
classes. 

We now describe Rj. We may assume that / = /(g) for some vector g as in 
(|6.2p . For each gy we define another vector g° by removing the zero entries of gi,. 
For example if gy = (3,6,0,1,0) (with local period ry = 5), then we define the 
vector g° to be (3,6, 1) (with new local period r^, — 3). 



28 



WEI AND YU 



Proposition 6.2. For each finite place v of K, we have 

Rlig),v = Rl(g) ®yl Oy = Mat(g°,OAj- 
In particular, i?/(g) is a hereditary A-order in D whose local invariant at v is equal 
to gS- 

Proof. Under the identification of Dy and Mat^^ i^v), (g)i> consists of elements 
(i^ij)i<ij<r„ satisfying that 



(6.4) ^--^ ■ e 



k=l 



Matg^_,x/„,,(OAj ifi<j, 
^Matg„^x/„,,(*P^,) ifi>J. 

Let (.^ij)i<i,j<r„ be an element in Dy where Zij S Matg^xg^ (^t>)- Then (^ij)i<i,j<r„ 
is in i?/(g),i, if and only if for any (Fi,j)i<i,j<,.„ G /(g)i,, 

'Matg„,x/„,,(OAj iH<j, 
^Matg„_.x/.,,(*P.) ifi>j. 

For 1 < fc < r.y, plugging elements {Yi,j)i<i.j<r^ of I{g)v with = if i 7^ fc in 
we get 

'Matg„,.x/„,,(OAj ifi<j, 
,Matg„,.x/„,,(*P.) ifi>j. 
This implies that (^i.j)i<ij<r„ is in -R/(g),u if and only if 

'Matg^^xs„,,(OAj ifi<j, 

^Matg„^xff„,,(*P„) ifi>J. 

Therefore i?/(g),u is a hereditary Ot,-order with invariant g°. | 

Together with the parametrization of the genera of i?- ideals in Proposition 16.11 
we obtain the following result. 

Theorem 6.3. The total class number of right ideal classes of R is equal to 

g 

where g runs through the vectors described in Provosition \6. 1\ and h{g) := /i(i?/(g)). 

Remark. After computing the class number of Ri{g) for each g, we obtain the total 
class number of right ideal classes of R. 

7. Local optimal embeddings 

7.1. Fix a non- Archimedean local field F. Let be a finite dimensional central 
simple algebra over F. Take any simple left D-submodule V of D. Let A = 
(EndD(V'))°'', which is a central division algebra over F. Then V can be viewed 
as a free right A-module, and D is canonically isomorphic to EndA(V^). Let m :— 
rankA(F). Then 

D = Mat™ (A). 

Let d be the positive integer such that = [A : F] . For any field extension F' over 
F, there exists an embedding of F' into D if and only if [F' : F] divides n := md. 
In general, let 

i = Li X ^2 X • ■ • X 
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where for 1 < w < £, is a finite field extension of F. Then 

Lemma 7.1. (1) There exists an F-algehra embedding c : L ^ D ^ EndA(V^) */ 
and only if there exists positive integers mi,..., me such that 

mi + \-me = m = rankA(V) and [Lyj : F] \ m^d. 

(2) Given two embeddings ti and i2 of L into D. There exists an element g in 
such that 

Li{a) = g~^L2{a)g, e L 
if and only if Ta.nk^(ii{ew)V) = rankA(t2(e^)F) for 1 < w < i, where is the 
idempotent in L corresponding to L^. 

Proof. Suppose there exists an J^-algebra embedding l : L ^ EndA(V^)- For 
1 < w < I, let Bu, be the idempotent in L corresponding to L^. Then i{ew)V ^ 
and t induces an embedding of Lyj into EndA(i'(e«,)y). Set := ra.nkj^{t{ew)V) 
for each w. We have 

mi H + m.£ = m, and [Lyj : F] \ m^d. 

Conversely, suppose we can find positive integers mi,...,mi satisfying the desired 
property. Consider any decomposition 

V = Vi®V-2®---®Vi 

with rankA(K«) = mw- There exists Lw : L^, ^ EndA(Vu,) iov 1 < w < Then 
the composition of (-i x • ■ • x and the natural embedding of nl=i EndA(^) into 
EndA(l^) gives an embedding u: L ^ D. Therefore the proof of (1) is complete. 
For (2), if there exists g G such that 

(-i(a) = g~'^t2{a)g, 

then for 1 < w < i, 

rankA(i.i(e^)y) = vank^{g~'^ t2{eyj)V) = Tcank^MewW). 

Conversely, suppose rankA(ii(e^)V) = rankA(t2(eu))V^) for 1 < -u; < £. Then 
t-i{ew)V and i2{c-w)V are isomorphic as (L^, A)-bimodules since A (E)f L^, is a 
central simple algebra over Lyj. Let ■ i^i{ew)y — > i-2{cy,)V be an isomorphism of 
{Ly,, A)-bimodules. Then the element g'mD^ corresponding to the automorphism 

(' I. 
51 X • • • X 5f : y = ii[ey,)V ^ t2(e^)F = V 

satisfies that 

Li{oL) = g~^L2{Q)g, 'MoL e L. 
This completes the proof of (2). | 

The vector {mi, ...,mi) where mw = rankA(t(eu,)T^) is called the type of the 
embedding t : L ^ D. 

Now, we fix an F-algebra embedding l : L = Li x ■ ■ ■ x L^ ^ D of type 
(mi, ...,mc). Denote by Op (resp. Ol„) the valuation ring of F (resp. L^) and set 

Ol-=Oli X ••■ X Oli- 

For any Oir-order R of D, we call l an optimal embedding of Ol into R if 

i{L)r]R = l{Ol). 
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Two optimal embeddings ii and L2 of the same type are called equivalent modulo 
i?^ if there exists an element u E such that 

Li{a) — u ■ L2{a) ■ u^^ , Va G L. 

Then Lemma 1 7 . II implies that 

Lemma 7.2. The set of equivalence classes of optimal embeddings of type (mi, ...mg) 
from Ol into R modulo R^ can be identified with 

C,{L)-\£,iR)/R'< 

where C^{L) is the centralizers of l{L) in D and 

(7.1) £,{R) := {g e I?^ : i(i) n gRg-' = .(Ol)}. 

Suppose R is hereditary, i.e. any right (or equivalently left) ideal of R is projective 
as an i?-module. Let Oa be the maximal compact subring of A and *Pa be the 
maximal two-sided ideal of Oa- Then there exists a vector fj^ = (/i, fr) G 
such that 

i?^Mat,„(/fl,OA), 

where the ring Matm(/ij,OA) consists of elements {Xi_j)i<ij<r in Matm(OA) such 
that 

'Mat/,x/,(OA) ifj<i, 
_Mat/,x/,(*PA) ifj>J. 

The number r is called the period of R; the vector fji :— (/i,...,/^) is called the 
invariant of R, which is uniquely determined by R up to cyclic permutations. When 
r = m and fi = l for all i, the order R is an Iwahori order, which is conjugate to 
the preimage of the set of upper triangular matrices over Fa '■— Oa/*Pa- Next, we 
connect optimal embeddings of a given type from Ol into a hereditary Oi?-order 
R of D modulo R^ with the "flags" of (O^, OA)-biniodules. 

7.2. (Ol, OA)-flags. Recall that D = EndA(V^) and is a free right A-module of 
rankA(T^) = rn. 

Definition 7.3. Let iVi, ...,Nr be free right OA-modules in V of OA-rank to. We 
caU := (TVi, Nr) an OA-flag m V of type f= (/i, /,) G Z'^q if 

(1) A^l 2 ^2 2 ■ • • 2 2 Nr+1 := NiVpA- 

(2) dimF^(Ar,/7V,+i) ^ f, for l<i<r. 

The set Homo^ {N*, ^i) of morphisms of OA-flags in V of type / consists of endo- 
morphisms (j> G EndA(V') such that (j){Ni) C for 1 < « < r. 

Fix a A-basis {xi, x^} of V. Given a vector / = (/i, fr) G Z'^q, set 

i 

hi) '■= X! -^J 1 < « < ^> and /(o) := 0. 

Then we have a strictly increasing sequence of integers — /(o) < /(i) < • • • < 
/(r) = TO. For 1 < i < r, let 

2:feOA e a^fe^PA 

/ \fe=m-/(._i)+l 
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Then M*(/) := (Mi, ...,Mr) is an OA-flag in V of type /, and 

EndoAMM)) - Mat„(/,OA). 
It is clear that every O a -flag in V of type / is of the form 

gM^if) {gMi,...,gMr) 
where g is in AutA(l^) = , and 

EndoAgMM)) = .gEndo^(M,(/))g-i. 

Suppose an i^-algebra embedding i : L ^ D oi type (mi, ...,m^) is given. 

Definition 7.4. Let = (iVi, iV,.) be an ©A-flag in V of type /. We call 
an {OL,OA)-flag in V of type (t, f) if 

^(Ol) ■ NiCN^ for aU 1 < i < r. 

The set Hom(o^ o^)(iV*, A^^) of morphisms of (Ol, OA)-flags in V of type (i, /) 
consists of morphisms in Homo^ [N^, N'^) which commute with l{Ol). 

Let i? be a hereditary Oi?-order of D with invariant fj^. This means that 
there exists an isomorphism from D to Mat„i(A) that sends R onto the order 
Matm(/ij, Oa)- Given g £ , suppose gMt{fii) is an (OL,OA)-flag in V of type 
(t, /fl). Then we must have 

g-h{OL)g C EndojM*{fR)) = 

which means that g is in f,,(i?) (see (|7.1|) ). Two (Oi,OA)-flags giM^:{fj^) and 
52-^^*(/_r) in y of type (t, fji) are isomorphic if and only if there exists an element 
h in Ci,{L)^ such that g^^/igi £ . If we denote by FL{Ol, Oa, ™, /) the set of 
isomorphism classes of (Ol, OA)-flags of a given type (i, /) in V, then we conclude 
that 

Proposition 7.5. We have the following bijection 

.-21 C,(L)x\5,(i?)/i?x ^ FL{OL,OA,m,i,fR) 

Moreover, let gAI^{fii) be an {O l , O a) -f^ag in V of type {L,f]i). One has 
a{L)ngRg-' - End(o,,o.)(5M*(/fl)) 

and 

CiLY ngR^g-' - Aut(o^^o.)(5M*(/i?))- 

Remark. For any two embeddings ti and i2 of L into D, the sets FL(Ol, Oa, ™, ti, /ij) 
and FL(Ol, Oa, ™, '■2, /a) are isomorphic if ti and L2 have the same type. 
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7.3. Decomposition of FL(Ol, Oa, t, /). In this subsection, we fix an F- 
algebra embedding l of L = LiX ■ ■ ■ x L( into D of type (mi , rrii). The centralizer 
Ci,{L) of l{L) in D is canonically isomorphic to 

I 

[|End(i„,A)(t(e„)V^), 

w—l 

where is the idempotent in L corresponding to and End(i^^_A)(''(eto)^) is 
the endomorphism ring of the (L^, A)-bimodule L{eyj)V , which is a central simple 
algebra over Lyj. 

Let iV* = (A^i, Nr) be an (Ol, OA)-flag in V of type (t, f). For each w with 
1 < w < we have the chain of lattices 

L{e^)Ni D ■■■ L{e^)Nr 3 L{e^)Nr+i = t(e„,)iVi*PA in V. 

Put /lo^i := dimf^{L{ew)Ni/i{ew)Ni+i). From A'i = ©u)t(e^)A^i it follows that 

e r 

(7.3) ^ = and ^ = m^,. 

w — 1 i—1 

We denote by f° the vector obtained by removing zero entries of fw = {fw.i, fw,r), 
i.e. 

where 1 < ji < • • • < jr„ < fw^jk > 0, and = for j 7^ ji, Then 

(7.4) t(e^)7V, := (i(e,„)A^j, , i(e„)A^j,_^ ) 

is an (OL„,OA)-flag in t(euj)F of type (tto,/^), where is the restriction of l on 

Conversely, suppose we have an (Ol„ , OA)-flag Ni^^ = (A^u),i, ^M),r„) in i{ew)V 
of type {i-, fw) for 1 < w < ^, where /° is obtained by removing zero entries of a 
vector /i„ = {fw^i,...,fw^r), with 



= fi and ^ = m„ 

1 i—1 

Let 

iV, = ®i=lN^,^ CV, l<i<r. 

Then iV* = (iVi, A^r) is an (Ol, OA)-fiag in V of type (t, /). 

It is clear that two (Ol, OA)-flags N^, and in V are isomorphic if and only if 
t(e^)iV* and /-(e^) A^^ are isomorphic (Ol„ , OA)-fiags in i{ew)V for all w = 1, . . . , ^. 
We get the following result. 

Proposition 7.6. (1) One has 

(7.5) FL(Oi,OA,m,.,/) = [] m FL(Ol„, Oa, m^, /°) J , 

where (/i,...,/^) rans through all tuples of vectors f^ = {fw,i)i £ ^>o 0/ non- 
negative integers satisfying the condition and f° is the vector obtained by 

removing zero entries of the vector f^ ■ 
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(2) Given an {OL,OA)-flag iV* in V of type (t, /), we have 

End(Oi,OA)(^*) = n End(Oi„,OA)('-(e™)^*)- 

and 

I 

w — l 

Remark. The above proposition tells us that to understand FL(Oi, Oa, to, /), it 
suffices to focus on the case when L is a field. 

7.4. Special case: when L is an unramified field extension. Fix an embed- 
ding L : L ^ D as usual. In this subsection, we describe explicitly the isomorphism 
classes in FL(Ol, Oa, ™, t, /) for the case where L is an unramified field extension 
over F. Recall the following basic result: 

Proposition 7.7. Let L be a finite extension over F . If we let 

t:^gcd{[L: F],d), 

where d'^ — [A : F], then the central simple algebra A®p L over L is isomorphic 
to Matt(A') where A' is a central division algebra over L with dim^A' — (d/t)'^. 

From now on, L is an unramified field extension of K. Choose an unramified 
maximal subfield W in A. Then [W : F] — d. Let tt be a uniformizer of F. There 
exists an element u in A and a positive integer k with gcd(K, d) = 1 such that 

u'^ — tt'*' and ua — Frobvi//F(a)u, Va G W. 

Here Frob^^/F is the Frobenius automorphism of W over F. Therefore A is isomor- 
phic to the cyclic algebra {W/ F,FTohw/Fi''^"') (cf- [H] §30 and §31). The integer 
K mod d is independent of the choices of W and u, and 

^ mod Z e Q/l 

is called the Hasse invariant of D = Matm(A). 

It is known that A' is isomorphic to the cyclic algebra 

{WL/L,FvohwL/L,7r''') 

where k' = k ■ {[L : F]/t) mod {d/t) (cf. [H] (31.9)). 
Let 7 (resp. 7') be a positive integer such that 

7 • K = 1 mod d, (resp. 7' • k' = 1 mod {d/t)). 

There exists an element 11 (resp. 11') in A (resp. A') such that 11'' = tt (resp. 
(n')''/* = tt) and 

Ha = Frob^/^ (a)n, V a G 1^ 
(resp. n'a' = Frob^^/^(a')n', Va' G WL). 

Obviously, 

n'a = Frob^% (a)n' V a G 1^. 
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Now, the isomorphism between A li^p L and Mat* (A') can be described by the 
following: 



/O 1 



n® 1 



Vn' 

/a 



\ 

1 
0/ 



a (g) 1 



Prob^/^(a) 



V 
V 



Frob 



7(4-1) 
W/F 



Va € W, 



V/3 e i. 



In particular, denote by Oa' the maximal compact subring in A' and := 
II'Oa' , the maximal two-sided ideal in Oa' • Then 



Oa (8>Of Ol 



(Oa- Oa- 
«Pa' Oa- 



Oa-\ 
Oa 



Oa-) 



C Matt(A'). 



We conclude that 



Lemma 7.8. Suppose L is unramified over F. Then Oa <8)Of Ol is isomorphic to 
an Iwahori order in Matt (A'). 

Recall that t : L ^ D = EndA(V^) is a fixed embedding. Then V can be viewed 

as an (L, A)-bimodule via l. It is natural to think y as a right A ®f i-module. 
For 1 < i,j < t, let Eij be the (i, j)-th elementary matrix in Matt(A') = A (S)f L 
(i.e. whose (i, j)-entry is one and other entries are zero). Let 

y(') := VEi^i for 1 < i < i. 

The multiplication by Eij from the right gives rise to an isomorphism of free right 
A'-modules 



xEi^i I — > xEij = {{xEi^i) ■ Eij) ■ Ejj. 



Therefore 



m := rankA^yW = - • rankA^F = = 

as t'^lA' :F] = [A^fL:F] = [A:F][L: F]. 

Lemma 7.9. For 1 <i <t, we have 

EndA»^L(y) = EndA'(y(*)) 
g ^ 
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Proof. For a given h G EndA'(l^*-*''), consider the following map 

t t t 

"^h := Yl ^i'i ° ^ ° "fi'i ■ ^^'^ ^^'^ • 
i=i i=i j=i 

It is clear that $/j e EndA(gi_FL(V) and = /i. 

On the other hand, let g G EndA(g)Fi:,(l^)- For any a in 

t t t 

f (") = ^(X^ai;^^) = {a{oiEj^i))Eij = o {g |^(.)) o V5ij)(a) 

and the result follows. | 

For 1 <i <t, one has 

W ■ Et,t = Et-i,t and H* ■ = Et,t ■ n'. 

Let iV* = (7Vi,...,7V^) be an (Ol, C'A)-flag in V of type / = (/i,...,/^). Then 
can view A^* as a flag of right Oa <8'Of Oi-modules (in F). Set 

Nij := Ni ■ Et+i-j,t C V^*^ for 1 < i < r and 1 < j < 

Then multiplying Et^t (from the right) on the chain 

-/Vi 2 A^2 2 • • • 2 iVr 2 ^r+i = A^i • n, 

we get a longer chain of right OA'-lattices in V^*^: 



(7.6) 



Moreover, 









D 


N2,l 


2 ■■■ 


3 


Nr,l 


D 






D 


N2,2 


2 ■■■ 


D 


Nr,2 


D 
















D 






D 


N2,t 


3 ... 


D 




D 




■W 














Ni = 


t 




NijEt,t+i-j 


for 1 < 


« < 


r. 



Recall that Fa = Oa/^a and we let Fa' = Oa'/^A'- Let 

'dimF^, {Ni^j/Ni+ij) for 1 < i < r, 
dimj^, {Nrj/Nij+i) for i = r and 1 < j <t, 
dimr^, {Nr,t/{Ni^iIi')) for i = r and j = t. 



(7.7) /ij := 

Then for 1 < i < r 



[Fa' : Fa] • ^ = • ^ /i,,- = /i. 

i=i i=i 
This tells us that [L : F]/t divides fi j for all i. 

We fix an order of the index set {(i, j)}i<i<r,i<j<t'- 



< if 



I J < f 

I j = j' and i < i'. 



Consider the vector 

/* = {fid)i<i<r,l<j<t = (/l,l,---,/r,l,/l,2,...,/r,2,...,/l,t,...,/r,t)- 
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Let /° be the vector obtained by removing the zero entries of the vector /* . Picking 
the "gap" of the chain {Nij)i<i<r,i<j<t as (|7.4|) . we obtain an OA'-fiag in V^'*-* of 
type /°. It is clear that 

EndB(o^,OA)(^*) =Mat„,(i;°,OA') C Mat,„,(A'). 

Conversely, suppose [L : F]/t divides fi for all i. Then for any such a chain 
of OA'-lattices (^ij) i<j<r i<j<t in V^^\ we can rebuild an (OL,OA)-flag = 
{Ni, Nr) in V of type [l, f) by setting 

Two (Oi, OA)-flags and are isomorphic if and only if fij = f-j for 1 < i < r 
and 1 < j < i. We conclude the above discussion in the following result: 

Theorem 7.10. Suppose an embedding i : L ^ D is given, where L is an unram- 
ified extension over F. 

(1) The sef FL(Oi, Oa, "T', i, /) of isomorphism classes of {Ol,0/^) -flags in V 
of type (i, / = (/i, ...,/r)) can he parametrized by the vectors /* = (/i,j)i<j<r_i<j<4 
of non-negative integers fij satisfying 

(7.8) ■ kj = U for alll<i<r. 

i=i 

(2) Let be an {OL,0^)-flag in V of type f. Let f^ = (/ij) i<i<r.i<j<t 
corresponding vector. Then 

End(o^,OA)(^*) = Mat,„.(/°,OA') C Mat„,(A') 
where the vector f° is obtained by removing zero entries of f^. 
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